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As a continuation of [13] where a Poincare´-type inequality was introduced to study
the essential spectrum on the L2-space of a probability measure, this paper provides a
modiﬁcation of this inequality so that the inﬁmum of the essential spectrum is well
described even if the reference measure is inﬁnite. High-order eigenvalues as well as
the corresponding semigroup are estimated by using this new inequality. Criteria of
the inequality and estimates of the inequality constants are presented. Finally, some
concrete examples are considered to illustrate the main results. In particular,
estimates of high-order eigenvalues obtained in this paper are sharp as checked by
two examples on the Euclidean space. # 2002 Elsevier Science (USA)
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Let ðE;F; mÞ be a s-ﬁnite measure space and ðL;DðLÞÞ a negative linear
operator on L2ðmÞ which generates a strongly continuous contraction
positive semigroup Pt on L
2ðmÞ: Deﬁne Eð f ; f Þ ¼ mð fLf Þ for f 2 DðLÞ: We
have Eð f ; f Þ50:
In [13] the author introduced the following inequality to describe the
essential spectrum of a weighted Laplace operator L (denote by sessðLÞ) on a
Riemannian manifold with m a probability measure:
mð f 2Þ4rEð f ; f Þ þ bðrÞmðj f jÞ2; r > r0; f 2 DðLÞ; ð1:1Þ
where r050 is a constant and b : ðr0;1Þ ! ð0;1Þ is a decreasing function.
Equation (1.1) is a generalization to the known Poincare´–Sobolev-type
inequalities (see [6, 13, 14]) as well as the Nash-type ones (see e.g. [4]). In
general, if L is self-adjoint such that Pt has a density with respect to m; it is1Supported in part by NSFC for Distinguished Young Scholars (10025105), Core Teachers
Project and TRAPOYT.
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FUNCTIONAL INEQUALITIES AND SPECTRUM ESTIMATES 289proved in [6] that inequality (1.1) holds for some b if and only if sessðLÞ 

½r10 ;1Þ: In particular, under the above condition, the essential spectrum is
empty if and only if the super-Poincare´ inequality holds (i.e., (1.1) holds for
r0 ¼ 0 and some bÞ: If, in addition, L is the generator of a symmetric
Dirichlet form such that Pt has a density, then the emptiness of sessðLÞ is
also equivalent to the following F -Sobolev inequality (see [6, 13, 14]): there
exists F 2 C½0;1Þ with F ðrÞ " 1 as r " 1 such that
mð f 2F ð f 2ÞÞ4CEð f ; f Þ
for some C > 0 and all f 2 DðEÞ; the domain of the Dirichlet form. In the
Dirichlet form case this equivalence was also proved in [3] for locally
compact, separable metric space E and L satisfying the following property:
inf sessðLÞ ¼ sup
A is compact
inffEð f ; f Þ : f 2 DðLÞ : mð f 2Þ ¼ 1; f jA ¼ 0g: ð1:2Þ
If E is e.g. either a s-compact space or a Polish space, then the proof of
Theorem 2.1 in [13] indeed provides a more general statement, i.e. (1.2)
implies the equivalence of (1.1) and that sessðLÞ 
 ½r10 ;1Þ; see the proof
of Theorem 2.2. We remark that property (1.2) was ﬁrst introduced by
Persson [8] for a large class of Schro¨dinger operators on Rd ; and was proved
for the Laplacian on Riemannian manifolds by Donnely and Li [5]. An
operator with property (1.2) was called in [3] a Persson operator.
But the proof of this equivalence deeply relies on the ﬁniteness of m as well
as the topology of the underling space. Indeed, when m is inﬁnite this result is
wrong. A very simple counterexample is the Laplace operator on Rd ; in this
case (1.1) holds for r0 ¼ 0 and bðrÞ ¼ crd=2 for some c > 0 (see [13, Corollary
3.3]) but sessðDÞ ¼ ½0;1Þ! On the other hand, however, the spectrum analysis
on the L2-space of inﬁnite measures has been studied for a long time. For
instance, a lot of work has been done on the spectrum of Scro¨dinger operators
(see e.g. [7, 9] and references therein). So it should be interesting to extend the
above equivalence to inﬁnite measure case by modifying the functional
inequality (1.1). This is the key motivation of this paper.
Our main idea of the study is to reduce the present problem to the well-
treated case with probability reference measures. To this end, we ﬁrst make
an operator transformation such that the new operator is self-adjoint on the
L2-space of a probability measure and it keeps the whole spectral
information of L: This sort of transformation is standard in spectral theory,
and it works as follows. Let f > 0 be such that mðf2Þ ¼ 1; then we have a
probability measure mf :¼ f
2m: Since m is s-ﬁnite, the function f always
exists. It is easy to see that the following mapping is unitary:
If : L
2ðmÞ ! L2ðmfÞ; Ifð f Þ :¼ f
1f :
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transformation. Letting
Lff :¼ IfðLI1f ð f ÞÞ ¼ f
1Lðff Þ; f 2 IfðDðLÞÞ ¼ f
1DðLÞ;
then ðLf;DðLfÞÞ is self-adjoint in L2ðmfÞ and the corresponding semigroup
is given by
P
f
t f :¼ f
1Ptðff Þ; f 2 L2ðmfÞ:
Since If is unitary, L in L
2ðmÞ and Lf in L2ðmfÞ have common spectrum
information. In particular, sessðLÞ ¼ sessðLfÞ and sðLÞ ¼ sðLfÞ: Therefore,
letting Efð f ; f Þ ¼ mfð fL
ff Þ; we need only to look at the inequality (1.1)
for Lf rather than L; namely,
mfð f
2Þ4rEfð f ; f Þ þ bðrÞmfðj f jÞ
2; r > r0; f 2 DðLfÞ: ð1:3Þ
Equivalently, replacing f by Ifð f Þ ¼ f
1f ;
mð f 2Þ4rEð f ; f Þ þ bðrÞmðfj f jÞ2; r > r0; f 2 DðLÞ: ð1:4Þ
Now it is clear that (1.4) is the exact inequality we asked for.
The above procedure enables us to extend some known results concerning
spectrum estimation using functional inequalities, this is the main business
in Section 2. To estimate the corresponding semigroup Pt using (1.4), we
need a restriction on f; namely, Ptf4eltf for some l50 and all t > 0: If, in
particular, inf sðLÞ is an eigenvalue then any (positive) ground state
satisﬁes this condition. Under this restriction we obtain a correspondence
between (1.4) and the estimate of Pt (see Section 3). In Section 4, we present
a general criterion for (1.4) as well as some estimates of b; which are useful
in application of the main results. Finally, in Section 5 we present some
examples of elliptic operators to illustrate our results.
To check our main results, let us look at the following model. Let L ¼
DþrV on Rd for a smooth function V with m :¼ eV dx an inﬁnite measure.
Let Eð f ; f Þ ¼ mðjrf j2Þ: Then the following result is implied by Examples 5.1,
5.2, 5.3 and Corollary 5.2.
Proposition 1.1. (1) If V ðxÞ ¼ ajxjd ða > 0; d > 1Þ for large jxj; and for
e > 0 let fðxÞ ¼ ceeV ðxÞ=2ð1þ jxjÞ
ðdþeÞ=2; where ce > 0 is such that mðf
2Þ ¼ 1:
Then sessðLÞ ¼ | and ð1:4Þ holds with r0 ¼ 0 and
bðrÞ ¼ cð1þ rðddþeÞ=2ðd1ÞÞ=e
for some c ¼ cðd; d; aÞ > 0 and all r > 0: Let ð04Þl04l14   4ln4    be all
eigenvalues of L counting multiplicities, then there exist c ¼ cðd; d; aÞ > 1
FUNCTIONAL INEQUALITIES AND SPECTRUM ESTIMATES 291and c0 ¼ c0ðd; d; aÞ > 0 such that
cð1þ nÞ2ðd1Þ=dd5ln
5
c0ð1þ nÞ2ðd1Þ=dd½logð2þ nÞ4ðd1Þ=dd; d > 2;
c1ðn þ 1Þ2ðd1Þ=dd; d 2 ð1; 2;
(
n50:
(2) If V ðxÞ ¼ ajxj½logð1þ jxjÞd ða; d > 0Þ for big jxj; let fðxÞ ¼ c0eV ðxÞ=2
ð1þ jxjÞðdþ1Þ=2; then sessðLÞ ¼ | and ð1:4Þ holds with r0 ¼ 0 and
bðrÞ ¼ exp½cð1þ r1=2dÞ
for some c > 0 and all r > 0: Moreover, there is c ¼ cðd; d; aÞ > 1 such that
c½logð2þ nÞ2d5ln5c1½logð2þ nÞ2d; n50:
Obviously, the estimate of ln given in Proposition 1.1(2), as well as that in
Proposition 1.1(1) with d 2 ð1; 2; is sharp in the order of n: One may
conjecture, although we do not prove here for d > 2; that ln ¼ Oðn2ðd1Þ=ddÞ
in the situation of Proposition 1.1(1) for all d > 1: This will be addressed in a
forthcoming paper based on different approaches.
2. SPECTRUM ESTIMATES
Let p 2 ½1;1Þ and let f be a positive measurable function. A linear
operator P on LpðmÞ is said to have a density w.r.t. m if there is a mapping
R : E  E ! ½0;1Þ such that
Pf ¼
Z
E
Rð; yÞf ðyÞmðdyÞ; m-a:e:; f 2 LpðmÞ:
In particular, if P is a positive operator, i.e. Pf50 for f50; then R has a
nonnegative version.
Theorem 2.1. Assume that L is self-adjoint and let r050:
ð1Þ If sessðLÞ 
 ½r10 ;1Þ; then for any positive f with mðf
2Þ ¼ 1 there
exists decreasing b : ðr0;1Þ ! ð0;1Þ such that ð1:4Þ holds.
ð2Þ Assume in addition that Pt on L2ðmÞ has density for some t > 0: If ð1:4Þ
holds for some f > 0 with mðf2Þ ¼ 1 and some b : ðr0;1Þ ! ð0;1Þ; then sess
ðLÞ 
 ½r10 ;1Þ: In particular, sessðLÞ ¼ | provided ð1:4Þ holds with r0 ¼ 0
for some f and b:
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2ðmÞ),
the ﬁrst assertion follows directly form the ﬁrst part of the proof of Theorem
3.1 in [14].
Next, if Pt has density ptðx; yÞ (w.r.t. mÞ; then P
f
t has density p
f
t ðx; yÞ :¼
ptðx;yÞ
fðxÞfðyÞ (w.r.t. mf) and for m-a.e. x one has p
f
t ðx; Þ 2 L1ðmfÞ since Ptf 2 L
2ðmÞ
exists. Moreover, since Pt is positive, one has jP
f
t f j4f
1Ptf 2 L1ðmfÞ
provided jj f jj141: Hence fP
f
t f : jj f jj141g is uniformly integrable in
L1ðmfÞ: This is enough to pass through the second part of the proof of
Theorem 3.1 in [14] for P
f
t in place of Pt: Therefore, we have sessðLÞ ¼
sessðLfÞ 
 ½r10 ;1Þ provided (1.4) holds. ]
In the next result the condition (1.2) is used to replace the existence of density.
Theorem 2.2. Assume that E is a topological space with F the Borel s-
algebra such that any probability measure on ðE;FÞ is tight. In particular, it is
the case when E is either a Polish space or a s-compact space. If L is self-
adjoint such that (1.2) holds, then for fixed r050 the following statements are
equivalent to each other:
(1) sessðLÞ 
 ½r10 ;1Þ;
(2) there exist positive f with mðf2Þ ¼ 1 and b : ðr0;1Þ ! ð0;1Þ such
that (1.4) holds;
(3) for any positive f with mðf2Þ ¼ 1; there exists b : ðr0;1Þ ! ð0;1Þ
such that (1.4) holds.
Proof. By Theorem 2.1(1), it sufﬁces to show that (2) implies (1). Since
mf is tight, for any e 2 ð0; 1Þ let Ae 
 E be compact such that mfðA
c
eÞ4e:
Then for any f 2 DðEÞ with mð f 2Þ ¼ 1 and f jAe ¼ 0; it follows from (1.4) that
mð f 2Þ4ðr0 þ dÞEð f ; f Þ þ bðr0 þ dÞmfðA
c
eÞ
4ðr0 þ dÞEð f ; f Þ þ bðr0 þ dÞe; d > 0:
Therefore, by (1.2) one has
inf sessðLÞ5 sup
d>0;e >0
1 bðr0 þ dÞe
r0 þ d
¼
1
r0
:
This implies (1). ]
According to Theorems 2.1 and 2.2, the upper bound of the essential
spectrum relies only on the existence of b in (1.4), and there is nothing to do
with what b is. Assume that (1.4) is given with a speciﬁc b and r0 ¼ 0; then it
is reasonable for us to ask for more spectrum information involving also in
FUNCTIONAL INEQUALITIES AND SPECTRUM ESTIMATES 293b; for instance, to estimate high order eigenvalues of L: For this purpose, we
need the following assumption.
(A1) Equation (1.4) holds with r0 ¼ 0; L is self-adjoint, Pt has density
ptðx; yÞ and there is t > 0 such that RtðxÞ :¼ mðpt=2ðx; Þ
2Þo1 m-a.e.
By Theorem 2.1, one has sessðLÞ ¼ | under (A1). Let us list out all
eigenvalues of L as follows (counting multiplicities):
ð04Þl04l14l2   4ln4    :
As we have done in [14] for the probability measure case, we go to estimate
ln using (1.4) and the function Rt: To do this, we need the following lemma
which has been claimed in [14] without rigorous proof.
Lemma 2.3. Assume (A1). Let fi denote the unit eigenfunction of li: We have
Rt5e
lnt
Xn
i¼0
f 2i ; m-a:e:; n50:
Proof. By the spectral representation we have
Pt f ¼
Z 1
0
elt dElð f Þ; t > 0; f 2 L2ðmÞ;
where fElg denotes the spectral family of L: In the present case this
formula becomes
Pt f ¼
X1
n¼0
elntmð ffnÞfn; t > 0; f 2 L2ðmÞ:
Since Pt is strongly continuous, one obtains
mð f 2Þ ¼
X1
i¼0
mð ffiÞ
2; f 2 L2ðmÞ:
Hence, for any n50 we have (m-a.e.)
elnt
Xn
i¼0
f 2i ¼
Xn
i¼0
eðlilnÞtfiPt fi4
Xn
i¼0
fiPt fi ¼
Xn
i¼0
fi
Z
E
ptð; yÞfiðyÞmðdyÞ
4
Xn
i¼0
f 2i
 !Xn
i¼0
Z
ptð; yÞfiðyÞmðdyÞ
 2( )1=2
4 R2t
Xn
i¼0
f 2i
( )1=2
:
This completes the proof. ]
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Markov process, one has RtðxÞ ¼ ptðx; xÞ:
Theorem 2.4. Assume (A1). Let ds;t ¼ mfðfRt > sf
2gÞ; s; t > 0: We
have
ln5sup
1
t
log
ðn þ 1Þe
s
 
^
1
2b1ð½4ðeþ ds;tÞ1Þ
: e 2 ð0; 1Þ; s; t > 0
( )
;
n50;
where b1ðrÞ :¼ inffs > 0 : bðsÞ4rg: In particular, if Rt 2 L
1ðmÞ then
ln5 sup
t > 0
1
t
log
n þ 1
mðRtÞ
; n50:
Proof. It is easy to check that P
f
t has density (w.r.t. mf) p
f
t ðx; yÞ :¼
fðxÞ1fðyÞ1ptðx; yÞ: Then mfðp
f
t=2ðx; Þ
2Þ ¼ f2ðxÞRtðxÞ; t > 0: Since L
and Lf have the same spectrum information, the desired estimates
follow from Lemma 2.3 and the proofs of Theorems 3.2 and 3.3
in [14]. ]
3. ESTIMATES OF THE SEMIGROUP
As a correspondence to inequality (1.4), we introduce the notion of
f-uniform integrability which generalizes Wu’s uniform integrability [15]
Definition 3.1. Let f be a positive measurable function, and let
p 2 ½1;1Þ:
(1) A set A 
 LpðmÞ is called f-uniformly integrable in LpðmÞ if
lim
K!1
sup
f 2A
mðj f jp1fj f jp5Kf2gÞ ¼ 0:
(2) A linear operator P on LpðmÞ is called f-uniformly integrable in
LpðmÞ if so is fPf : jj f jjp41g:
Obviously, the f-uniform integrability of P in L2ðmÞ is equivalent to the
uniform integrability of Pf :¼ f1PðfÞ in L2ðmfÞ:
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ltf for some l50 and
all t50:
(1) If (1.4) holds then for any probability measure n on ½0;1Þ one has
sup
mð f 2Þ¼1
Z
E
dm
Z f1elt jPt f j
0
ðjPt f j  seltfÞ
2e2tGtðsÞnðdsÞ41; t50;
where
GtðsÞ :¼ inffr50 : e2ltbðr1Þðe2rt  1Þ5s2g; s50; bj½0;r0 :¼ 1:
In particular, taking n ¼ der for e 2 ð0; 1Þ and r > 0; one has
ht;lðrÞ :¼ sup
mð f 2Þ¼1
mððPt f Þ
21fjPt f j5rfeltgÞ4
exp½2lt  2tGtðerÞ
ð1 eÞ2
for all e 2 ð0; 1Þ; r > 0 and t > 0: Consequently,
ht;lð1Þ :¼ lim
r!1
ht;lðrÞ4exp½2lt  2t=r0; t > 0:
(2) If L is self-adjoint and ht;lð1Þo1 for some t > 0: Then (1.4) holds for
r0 ¼ 2t=log ht;lð1Þ and
bðrÞ ¼ inf
r12ð0;e2t=rÞ
e4ltfh1t;l ð½ht;lð1Þ þ r1=2Þg
2
2ðr1  ht;lð1ÞÞðe2t=r  r1Þ
; r > r0;
where h1t;l ðrÞ :¼ inffs > 0 : ht;lðsÞ4rg:
Proof. (a) Let us ﬁrst estimate hðtÞ :¼ mððPt f Þ
2Þ: By (1.4) one has
h0ðtÞ ¼ 2EðPt f ; Pt f Þ4 2rhðtÞ þ 2rbðr1ÞmðfjPt f jÞ
2; ror10 ; t50:
By the assumption of Pt one has jPt f j4Ptj f j and hence
mðfjPt f jÞ4mðj f jPntfÞ4e
ltmðfj f jÞ:
Thus, we arrive at
hðtÞ4e2rtmð f 2Þ þ bðr1Þe2ltð1 e2rtÞmðfj f jÞ2; ror10 ; t > 0: ð3:1Þ
(b) By (a) we are able to modify the proof of Theorem 2.1 in [14] to
deduce (1). For any f50 with mfð f
2Þ ¼ 1 let
gs ¼ ðP
f
t f  e
ltsÞþ; hs ¼ P
f
t ð f  sÞ
þ; s50:
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f
t is positive and P
f
t s4selt; we have gs4hs: Thus it follows from (3.1)
that
mfðg
2
s Þ4mfðh
2
s Þ4e
2rtmfðfð f  sÞ
þg2Þ þ bðr1Þe2ltð1 e2rtÞmfðð f  sÞ
þÞ2
4 ½1 s2mfð f > sÞfe
2rt þ bðr1Þð1 e2rtÞe2ltmfð f > sÞg
4 sup
x2ð0;s2Þ
ð1 s2xÞfe2rt þ e2ltbðr1Þð1 e2rtÞxg
¼ e2rt; if bðr1Þe2ltð1 e2rtÞ4s2e2rt:
Taking r ¼ GtðsÞðor10 Þ; we obtain mðg2s Þ4exp½2tGtðsÞ: Therefore,Z
dmf
Z eltPft f
0
ðPft f  se
ltÞ2e2tGtðsÞnðdsÞ ¼
Z 1
0
e2tGtðsÞmðg2s ÞnðdsÞ41:
(c) Noting that
ht;lðsÞ ¼ sup
mfð f 2Þ¼1
mfððP
f
t f Þ
21fjPft f j>seltg
Þ; s > 0;
we have, for any f with mfð f
2Þ ¼ 1;
mfððP
f
t f Þ
2Þ4mfððP
f
t f Þ
21fjPft f joseltg
Þ þ ht;lðsÞ4seltmfðjP
f
t f jÞ þ ht;lðsÞ
4ee2lt þ
s2
4e
mfðjP
f
t f jÞ
2 þ ht;lðsÞ4ee2lt þ
s2e2lt
4e
mfðj f jÞ
2 þ ht;lðsÞ:
For any r1 > ht;lð1Þ; let s ¼ h1t;l ððht;lð1Þ þ r1Þ=2Þ and e ¼ e
2ltðr1  ht;l
ð1ÞÞ=2; we arrive at
mfððP
f
t f Þ
2Þ4r1 þ e4ltbtðr1Þmfðj f jÞ
2; r1 > ht;0ð1Þ; mfð f
2Þ ¼ 1; ð3:2Þ
where
btðr1Þ :¼
fh1t;0 ð½ht;0ð1Þ þ r1=2Þg
2
2ðr1  ht;0ð1ÞÞ
:
Finally, (2) follows from (3.2) and the proof of Proposition 2.1 in [14]. ]
Corollary 3.2. Under the assumption of Theorem 3.1 let L be self-
adjoint. Pt is f-uniformly integrable in L2ðmÞ if and only if (1.4) holds with
r0 ¼ 0 for some b: In particular, for each d > 0; the following two statements
are equivalent:
(1) Equation (1.4) holds with r0 ¼ 0 and bðrÞ ¼ exp½cð1þ r1=dÞ for
some c > 0:
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sup
mð f 2Þ¼1
Z
ðPt f Þ
2 expfct½logð1þ f
2ðPt f Þ
2Þg dmo1:
Proof. The ﬁrst assertion is a direct consequence of Theorem 3.1, and
the equivalence of (1) and (2) follows from Theorem 3.1 and the proof of
Corollary 2.1 in [14]. ]
Finally, we present below an estimate of jjPft jjL1ðmfÞ!L1ðmfÞ using (1.4),
which is useful in application of Theorem 2.4.
Theorem 3.3. Assume that Pt is symmetric. Let f > 0 with mðf2Þ ¼ 1:
(1) If Ptf4eltf for some f50 and all t > 0; and if (1.4) holds with
r0 ¼ 0 and
CðtÞ :¼
Z 1
t
b1ðrÞ
r
dro1; t > inf b;
then
jjPft jjL1ðmfÞ!L1ðmfÞ4e
lt maxfe1 inf b;C1ðð1 eÞtÞg2; e 2 ð0; 1Þ; t > 0;
where we set C1ðtÞ ¼ 0 for t5Cð0Þ:
(2) If jjPft jjL1ðmfÞ!L1ðmfÞo1 for some t > 0; then (1.4) holds with r0 ¼ 0
and
bðrÞ ¼ inf
s4r;t>0
sjjPft jjL1ðmfÞ!L1ðmfÞ
t
exp½t=s  1:
Proof. Letting P˜t ¼ eltP
f
t ; then P˜t is a strongly continuous sub-
Markovian semigroup generated by Lf  l on L2ðmfÞ: Moreover, (1.3)
holds for the same b with Ef replacing by Ef þ l since l50: Therefore, (1)
follows from the proof of Theorem 5.1 in [13] with Pt replacing by P˜t; while
the second assertion follows from the proof of Theorem 4.5 in [14] with Pt
replacing by P
f
t : ]
The following is a direct consequence of Theorem 3.3 according to the
proof of Corollary 5.2 in [13] (also that of Theorem 4.4 in [14] for the
nonsymmetric case).
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ltf for some l > 0:
(1) Let d 2 ð0; 1Þ: ð1:4Þ holds with r0 ¼ 0 and bðrÞ ¼ exp½cð1þ rdÞ for
some c > 0 if and only if there exists c0 > 0 such that
jjPft jjL1ðmfÞ!L1ðmfÞ4exp½lt þ c
0ð1þ td=ð1dÞÞ; t > 0:
(2) Let p > 0: Equation (1.5) holds with r0 ¼ 0 and bðrÞ ¼ cð1þ rpÞ for
some c > 0 if and only if there is c0 > 0 such that
jjPft jjL1ðmfÞ!L1ðmfÞ4c
0ð1þ tp=2Þelt; t > 0:
4. GENERAL CRITERIA FOR ESTIMATES OF b
Let f > 0 with mðf2Þ ¼ 1 be ﬁxed, our purpose is to present sufﬁcient
conditions for (1.4) and to estimate the function b: The idea is based on a
decomposition observation: there will be a global functional inequality if
such inequality holds on a sequence of ‘‘big’’ sets, and the form E is good
enough outside these ‘‘big’’ sets. This observation has been applied in
several papers for some different inequalities, for instances, in [2, 12] for the
Poincare´ inequality in the context of jump and diffusion processes, in [13] for
the super-Poincare´ inequality and in [10] for the weak Poincare´ inequality.
4.1. A General Setting
Let ðE;DðEÞÞ be a positive, bilinear, symmetric form on L2ðmÞ: Assume
that there isF0 
F such that for any A 2F0 with mðAÞ > 0; we are given a
form ðEA;DðEAÞÞ on L2ðA; mÞ such that for any f 2 DðEÞ and any A 2F0;
one has f 1A 2 DðEAÞ and
EAð f 1A; f 1AÞ4Eð f ; f Þ:
We present here two examples for the choices of F0 and EA: If ðE;DðEÞÞ is
given by
Eð f ; gÞ :¼
1
2
Z
EE
Jðdx; dyÞ½f ðxÞ  f ðyÞ½gðxÞ  gðyÞ þ
Z
E
f ðxÞgðxÞKðdxÞ
with DðEÞ :¼ ff : Eð f ; f Þo1g; where J is a symmetric measure on
ðE  E;FFÞ while K is a measure on ðE;FÞ: Then we may take
F0 ¼F and
EAð f ; gÞ :¼
1
2
Z
AA
Jðdx; dyÞ½f ðxÞ  f ðyÞ½gðxÞ  gðyÞ þ
Z
A
f ðxÞgðxÞKðdxÞ
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Eð f ; gÞ :¼ mðhrf ;rgiÞ þ mðVfgÞ
for a nonnegative measurable function V on a Riemannian manifold M ;
with DðEÞ :¼ H2;1ðmÞ \ L2ððV þ 1ÞmÞ; one may let F0 be the class of open
sets and let
EAð f ; gÞ :¼ mð1Ahrf ;rgiÞ þ mð1AVfgÞ
with DðEAÞ :¼ H2;1ðA; mÞ \ L2ðA; ðV þ 1ÞmÞ:
Theorem 4.1. If for any s 2 ðr0;1Þ there is As such that Acs 2F
0
with lðAsÞ :¼ inffEAcs ð f ; f Þ : f 2 DðEAcs Þ;mð1Acs f
2Þ ¼ 1g5s1 and there exists
bAs : ð0;1Þ ! ð0;1Þ such that
mð f 21AsÞ4rEð f ; f Þ þ bAsðrÞmðfj f jÞ
2; r > 0; f 2 DðEÞ: ð4:1Þ
Then (1.4) holds for
bðrÞ ¼ inffbAs ðtÞ : s; t > 0; s þ t ¼ r; lðAsÞ5s
1 and ð4:1Þ holdsg; r > r0:
Proof. Simply note that for f 2 DðEÞ;
mð f 2Þ ¼ mð f 21AsÞ þ mð f
21Acs Þ4tEð f ; f Þ þ bAsðtÞmðfj f jÞ
2 þ sEAcs ð1Acs f ; 1Acs f Þ
4 ðt þ sÞEð f ; f Þ þ bAs ðtÞmðfj f jÞ
2; s > r0: ]
To illustrate the above result, let us consider the following example for a
class of Schro¨dinger operators on Rd :
Example 4.1. Let L ¼ D V for a nonnegative continuous function V
on Rd : We have mðdxÞ ¼ dx and
Eð f ; f Þ ¼
Z
Rd
fjrf j2 þ Vf 2gdx; DðEÞ :¼ H2;1ðdxÞ \ L2ðð1þ V ÞdxÞ:
Let F 2 C½0;1Þ be positive with FðrÞ # 0 as r " 1 such that fðxÞ :¼ FðjxjÞ 2
L2ðdxÞ: If
gðrÞ :¼ inf
jxj5r
V ðxÞ " 1 as r " 1;
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bðrÞ ¼ Cð1þ rd=2ÞFðg1ð2r1ÞÞ2
for some constant C > 0; where g1ðsÞ :¼ inffr50 : gðrÞ5sg:
Proof. Let As ¼ fx : jxj4g1ðs1Þg for s > 0; one has lðAsÞ5g 8 g
1
ðs1Þ5s1: By the classical Sobolev (or Nash) inequality and its equivalent
super-Poincare´ inequality (see [13, Corollary 3.3(2)], there exists C1 > 0 such
that
Z
As
f 2 dx4r
Z
As
jrf j2 dx þ C1ð1þ rd=2Þ
Z
As
j f j dx
 2
;
s > 0; f 2 C1ðAsÞ:
Then (4.1) holds for bAs ðrÞ ¼ C1ð1þ r
d=2ÞFðg1ðs1ÞÞ2; s > 0:
On the other hand, letting
EAð f ; f Þ :¼
Z
A
jrf j2 dx þ
Z
A
Vf 2 dx
for an open set A; we have Eð f ; f Þ5EAð1A f ; 1A f Þ: Thus, lðAsÞ5g 8 g
1
ðs1Þ5s1: Therefore, it follows from Theorem 4.1 that (1.4) holds for
bðrÞ ¼C1 inffð1þ td=2ÞFðg1ðs1ÞÞ
2 : s þ t ¼ rg
4Cð1þ rd=2ÞFðg1ð2r1ÞÞ2
for some constant C > 0: ]
4.2. The Diffusion Case
Let M denote the class of measurable functions on ðE;FÞ:
Let G : DðGÞ DðGÞ !M be a symmetric, positive, bilinear mapping
satisfying
(i) DðGÞ is a sub-algebra of M; 1 2 DðGÞ and Gð1; f Þ ¼ 0 for any
f 2 DðGÞ:
(ii) If f ; g 2 DðGÞ then Gð f ; gÞ24Gð f ; f ÞGðg; gÞ:
(iii) If f ; g 2 DðGÞ then fg 2 DðGÞ and Gð fg; hÞ ¼ fGðg; hÞ þ gGð f ; hÞ; h
2 DðGÞ:
(iv) If f ; g 2 DðGÞ then f ^ g 2 DðGÞ and
Gð f ^ g; f ^ gÞ41ff4ggGð f ; f Þ þ 1ff5ggGðg; gÞ:
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(A2) There is r50 such that Gðr; rÞ41: Let Bs ¼ fr4sg; s50: For any
s > 0 there is decreasing bs : ð0;1Þ ! ð0;1Þ such that
mð f 21Bs Þ4rEð f ; f Þ þ bsðrÞmðfj f jÞ
2; r > 0; f 2 DðEÞ: ð4:2Þ
Finally, lðsÞ :¼ inffEð f ; f Þ : f 2 DðEÞ;mð f 2Þ ¼ 1; f jBs ¼ 0g " r
1
0 as s " 1:
Theorem 4.2. Assume (A2). We have (1.4) for
bðrÞ ¼ inf
lðsÞ þ 1þ e1
lðsÞ
bsþ1
rlðsÞ  1 e
lðsÞ þ 1þ e1
 
: e; s > 0 with rlðsÞ > 1þ e
	 

;
r > r0:
Proof. Let f 2 DðEÞ with mð f 2Þ ¼ 1: By (i)–(iv) and (A2), we have
ðr sÞþ ^ 1 2 DðGÞ and
mð f 2½ðr sÞþ ^ 12Þ
4
1
lðsÞ
mðGð f ½ðr sÞþ ^ 1; f ½ðr sÞþ ^ 1ÞÞ
4
1
lðsÞ
fð1þ eÞEð f ; f Þ þ ð1þ e1Þmð f 2Gððr sÞþ ^ 1; ðr sÞþ ^ 1ÞÞg
4
1
lðsÞ
fð1þ eÞEð f ; f Þ þ ð1þ e1Þmð f 21fr41þsgGððr sÞ
þ; ðr sÞþÞÞg
4
1
lðsÞ
fð1þ eÞEð f ; f Þ þ ð1þ e1Þmð f 21fr41þsgGððs  rÞ ^ 0; ðs  rÞ ^ 0ÞÞg
4
1
lðsÞ
fð1þ eÞEð f ; f Þ þ ð1þ e1Þmð f 21fs4r4sþ1gÞg; e > 0:
Combining this with (4.2), we obtain
1 ¼ mð f 2Þ4mð f 2½ðr sÞþ ^ 12Þ þ mð f 21fr4sþ1gÞ
4
1þ e
lðsÞ
Eð f ; f Þ þ
lðsÞ þ 1þ e1
lðsÞ
mð f 21fr4sþ1gÞ
4
1þ eþ dlðsÞ
lðsÞ
Eð f ; f Þ þ
lðsÞ þ 1þ e1
lðsÞ
bsþ1
dlðsÞ
lðsÞ þ 1þ e1
 
mðfj f jÞ2
for all e; d > 0: Therefore, we complete the proof by taking d ¼ r
ð1þ eÞ=lðsÞ for r > r0 and e; s > 0 with rlðsÞ > 1þ e: ]
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inequalities. In the next result we use a global one to estimate b via
perturbations of the measure.
Theorem 4.3. Assume (A2) and that GðF 8 f ; gÞ ¼ F
0ð f ÞGð f ; gÞ for F 2
C1ðRÞ and f ; g 2 DðGÞ: Let l1ðrÞ ¼ inffs50 : lðsÞ5rg: Let W 2 DðGÞ:
Assume that W and f are bounded on fr4rg for any r > 0: Let SðW Þ 2M
be such that for any nonnegative f 2 DðGÞ with supp f 
 fr4rg for some
r > 0; one has Z
Gð f ; W Þ dm5
Z
fSðW Þ dm 2 R:
Put
jðrÞ ¼ supfeW=f2 : r4rg;
cðrÞ ¼ 14 supfGðW ; W Þ þ 2SðW Þ : r4rg:
If lð1Þ ¼ 1 and there exist c; p > 0 such that
mð f 2eW Þ4cfmðeWGð f ; f ÞÞ þ mðeW f 2Þgp=ðpþ2Þ; mðeW j f jÞ ¼ 1; ð4:3Þ
then there exists c0 > 0 such that (1.4) holds with r0 ¼ 0 and
bðrÞ ¼ c0½1þ cð2þ l1ð8=rÞÞ þ r1 p=2jðl1ð8=rÞ þ 2Þ; r41:
Proof. The proof is exact the same as that of Theorem 2.4 in [13], just
replace V  W there by W and assume mðfj f jÞ ¼ 1 instead of mðj f jÞ ¼ 1:
Therefore, we omit the proof to save space. ]
According to Theorem 7.1 in [13], for a Riemannian manifold of Ricci
curvature bounded below, (4.3) holds for p ¼ d (the dimension) if eWm ¼
eW
0
dx with W 0 ¼ kr for large enough k; where r is the Riemannian distance
from a ﬁxed point and dx denotes the Riemannian volume element.
Combining this with Theorem 4.3, we obtain the following.
Corollary 4.4. Let E be a Cartan–Hadamard manifold with Ricci
curvature bounded below by K ðK50Þ: Let r be the Riemannian distance
function from a fixed point. Consider L ¼ DþrV for a smooth function V :
In this case one has Gð f ; f Þ ¼ jrf j2 and m ¼ eV dx: Assume that jV  ardj is
bounded for some a; d > 0: Then for any c >
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðd  1ÞK
p
; (1.4) holds with
r0 ¼ 0;f ¼ exp½ðV þ crÞ=2=
R
ecr dx and
bðrÞ ¼ exp½c0ð1þ r1=2ðd1ÞÞ
for some c0 > 0 and all r > 0:
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the above b remains true up to the constant c: Then we may assume that
V ¼ ard when r51: Since E is a Cartan–Hadamard manifold, there is
c1 > 0 such that Lr ¼ Drþ adrd15adrd1 for r51: Then, by Cheeger’s
inequality (see e.g. [1]), there exists c1 > 0 such that lðrÞ5c1r2ðd1Þ; r51: This
implies that r0 :¼ lð1Þ
1 ¼ 0 and l1ðrÞ4c2r1=2ðd1Þ for some c2 > 0 and
r51: Next, let W ¼ V : Since E is a Cartan–Hadamard manifold, (4.3)
holds for p ¼ d (see e.g. [1]). Moreover, letting SðW Þ ¼ LW ; it is easy to
check that jðrÞ ¼ ecr and that c is bounded. Therefore, the desired result
follows from Theorem 4.3. ]
5. SOME EXAMPLES
In this section, we aim to present examples to show that our results are
sharp in some concrete cases. Let L ¼ DþrV on Rd ; we have Eð f ; f Þ ¼
mðjrf j2Þ for m :¼ eV dx:
Example 5.1. Let V ¼ ajxjd for some a > 0; d > 1 and big jxj: For any
e > 0 let feðxÞ ¼ ce exp½V ðxÞ=2ð1þ jxjÞ
ðdþeÞ=2; where ce > 0 is such that
mðf2e Þ ¼ 1: Then (1.4) holds with r0 ¼ 0 and
bðrÞ ¼ cð1þ rðddþeÞ=2ðd1ÞÞ=e
for some c ¼ cðd; d; aÞ > 0 and all r > 0: Moreover, there exists c0 ¼ c0
ðd; d; aÞ > 0 such that
ln5c0ðn þ 1Þ
2ðd1Þ=dd½logð2þ nÞ4ðd1Þ=dd; n50: ð5:1Þ
Proof. It is easy to check that Lfe4lfe for some l > 0 and all e 2 ð0; 1:
Hence, by a standard argument we have Ptfe4e
ltfe: Next, it is well known
that (4.2) holds for p ¼ d and W ¼ V : Obviously, ce4ce1=2 for some
c ¼ cðd; d; aÞ and all e > 0: Thus, for this W we have jðrÞ4c1ð1þ rÞ
dþe=e and
c4c1 for some c1 ¼ c1ðd; d; aÞ > 0: Moreover, since Ljxj5aðd 1Þjxjd1 for
big jxj; by Cheeger’s inequality we have
lðrÞ5
a2ðd 1Þ2
4
r2ðd1Þ
for big r: Then the ﬁrst assertion follows from Theorem 4.3.
By the ﬁrst assertion and Theorem 3.3 we obtain
mðRtÞ4c2ð1þ t
ðddþeÞ=2ðd1ÞÞ=e2
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2
ðn þ 1Þ2ðd1Þ=ðddþeÞ which is less than 1 for big n; it follows from Theorem
2.4 that
ln5c3ðn þ 1Þ
2ðd1Þ=ðddþeÞe4ðd1Þ=dd
for some c3 ¼ c3ðd; d; aÞ > 0; all e 2 ð0; 1 and big n: Taking e ¼ ½logð2þ
nÞ1; we prove (5.1) for some c0 > 0 and big n: It remains to show that
l0 > 0: We observe that 0 =2 sðLÞ; otherwise, since sessðLÞ ¼ |; there is f 2
DðLÞ such that Lf ¼ 0 and mð f 2Þ ¼ 1: This implies that mðjrf j2Þ ¼ 0 and
thus f is a constant, which is impossible since m is inﬁnite. Therefore, l0 > 0
and hence the proof is completed. ]
In the case where P
f
t is not ultracontractive, we need an alternative way to
estimate Rt: To this end, we introduce the dimension-free Harnack inequality
due to [11]. Let us consider L ¼ DþrV on a Riemannian manifold such
that Ric–HessV is bounded below. We have (see [11, Lemma 2.1])
½Pt f ðxÞ24½Pt f 2ðyÞ exp
KRðx; yÞ2
1 e2Kt
 
; t > 0;
where Rðx; yÞ denotes the Riemannian distance between x and y: This implies
that
mð f 2Þ5½Pt f ðxÞ2
Z
exp 
KRðx; yÞ2
1 e2Kt
 
mðdyÞ
5½Pt f ðxÞ2mðBðx; rÞÞ exp 
Kr2
1 e2Kt
 
; r; t > 0;
where Bðx; rÞ :¼ fy : Rðx; yÞ4rg: Therefore,
R2tðxÞ ¼ p2tðx; xÞ4
1
mðBðx; rÞÞ
exp
Kr2
1 e2Kt
 
; r; t > 0: ð5:2Þ
Taking (5.2) into account, we obtain the following estimate which is better
than (5.1) whenever d42:
Example 5.2. In Example 5.1, for d 2 ð1; 2 one has
ln5cð1þ nÞ
2ðd1Þ=dd ð5:3Þ
for some c > 0 and all n50:
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that
mðBðx; rÞÞ5c1rd exp½aðr=2þ jxjÞ
d
for some c1 > 0; all x 2 R
d and all r > 0: Thus, it follows from (5.2) that
mðRtÞ4
1
c1rd
exp
Kr2
1 eKt
  Z
exp½aðr=2þ jxjÞd þ ajxjddx
4
c2
rd
exp
Kr2
1 eKt
  Z 1
0
s d1exp 
ar
2
sd1
h i
ds
¼
c3
rd
exp
Kr2
1 eKt
  Z 1
0
sðdþ1dÞ=ðd1Þ exp½ars=2 ds
for some c2 ¼ c2ðd; dÞ > 0; c3 ¼ c3ðd; dÞ > 0: On the other hand, we haveZ 1
0
scees ds ¼ eð1þcÞ
Z 1
0
sces ds; e; c > 0:
Indeed, letting f ðeÞ ¼
R1
0 s
cees ds; there holds
f 0ðeÞ ¼ 
Z 1
0
scþ1ees ds ¼ 
c þ 1
e
f ðeÞ; e > 0:
Then there is c4 ¼ c4ðd; d; aÞ > 0 such that
mðRtÞ4c4 exp
Kr2
1 eKt
 
rdd=ðd1Þ; t; r > 0:
Thus, Theorem 2.4 yields that
ln5 sup
t>0
1
t
log
n þ 1
mðRtÞ
5
1
c4
sup
t;r>0
1
t
log½ðn þ 1Þrdd=ðd1Þ 
Kr2
1 eKt
	 

:
Taking
r2 ¼ t ¼ exp
4ðd 1Þ
dd
 
ðn þ 1Þ2ðd1Þ=dd;
we obtain
ln5
1
c4
ðn þ 1Þ2ðd1Þ=dd 2
Kt
1 eKt
 
:
Since t ! 0 as n !1; one has Kt
1eKt ! 1 as n !1: Therefore, (5.3) holds
for some c > 0 and big n: The proof is completed by noting that l0 > 0: ]
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second assertion in Theorem 2.4. In the next example, where mðRtÞ could be
inﬁnite, we have to use the ﬁrst assertion in Theorem 2.4.
Example 5.3. Let V ðxÞ ¼ ajxj½logð2þ jxjÞd for some a; d > 0 and big jxj:
Let fðxÞ ¼ c0eV ðxÞ=2ð1þ jxjÞ
ðdþ1Þ=2: Then (1.4) holds with r0 ¼ 0 and
bðrÞ ¼ exp½cð1þ r1=2dÞ ð5:4Þ
for some c > 0 and all r > 0; and
ln5c0½logð2þ nÞ2d ð5:5Þ
for some c0 > 0 and all n50:
Proof. Letting W ¼ V ; we have (4.2) for p ¼ d;c is bounded and
fðrÞ4c1ð1þ rÞ
1þd for some c1 > 0: Moreover, it is easy to check that lðrÞ
5c2½logð2þ rÞ2d for some c2 > 0 and big r: Then l
14exp½c3ð1þ r1=2dÞ for
some c3 > 0 and big r: Therefore, by Theorem 4.3 we have (1.4) with r0 ¼ 0
and b given by (5.4) for small r: Hence (1.4) holds with this b for all r > 0
with a possibly larger c since the form E is positive.
Next, we observe that there exists c4 > 0 such that
mðBðx; rÞÞ5c4rd=2 exp V ðxÞ þ
r
2
ðlogð2þ jxjÞÞd
h i
; r > 0; x 2 Rd :
Then it follows from (5.2) that
RtðxÞ4c5r
d=2exp V ðxÞ 
r
2
ðlogð2þ jxjÞÞd þ cðKÞ
r2
t
 
; r > 0; t 2 ð0; 1
for some c5; cðKÞ > 0: Taking r ¼ ½logð2þ jxjÞdt=4cðKÞ; we arrive at
RtðxÞ4c6t
d=2½logð2þ jxjÞdd=2 exp V ðxÞ 
t½logð2þ jxjÞ2d
16cðKÞ
 
for some c6 > 0: Thus, there exists c7 > 0 such that
fRt5sf
2g 
 fx : jxj5c7ðtd=2sÞ
1=ðdþ1Þg
for t 2 ð0; 1 and big td=2s: Therefore,
ds;t4c8ðtd=2sÞ
1=ðdþ1Þ
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e ¼ c8ðtd=2sÞ
1=ðdþ1Þ; it follows from Theorem 2.4 that
ln5 sup
0ot41;td=2s5r0
1
t
log
ðn þ 1Þc8
sðtd=2sÞ1=ðdþ1Þ
; c9½logðtd=2sÞ2d
( )
for some r0 > 0 and c9 > 0: Letting td=2 ¼ ðn þ 1Þ
1=4; s ¼ ðn þ 1Þ1=2; we
obtain
ln5c10½logðn þ 1Þ2d
for some c10 > 0 and big n: This proves (5.5) since l0 > 0: ]
To prove the upper bound of ln in Proposition 1.1, we introduce a general
result on upper bound estimate. It is well known that l04Eð f ; f Þ for any
f 2 DðLÞ with mð f 2Þ ¼ 1: The following result extends this upper bound to
high-order eigenvalues.
Proposition 5.1. Let L be a self-adjoint operator on a Hilbert space
H associated to a symmetric closed positive form ðE;DðEÞÞ: Assume that
sessðLÞ ¼ | and let l04l14   4ln4    denote all eigenvalues of L: For
any n50; if there is fgig
n
i¼0 
 DðEÞ with jjgi jj ¼ 1 and hgi; gji ¼ Eðgi; gjÞ ¼ 0
for iaj; then
ln4maxfEðgi; giÞ : 04i4ng:
Proof. It sufﬁces to prove for n51: Let fi denote the unit eigenvector of
li: Since the rank of the matrix ðhfi; gji : 04i4n  1; 04j4nÞ is not larger
than n; there exists c :¼ ðc0; . . . ; cnÞ 2 R
nþ1 with jcj ¼ 1 such that
Xn
j¼0
cjhfi; gji ¼ 0; 04i4n  1:
Letting g ¼
Pn
j¼0 cjgj ; we have hg; fii ¼ 0 for any 04i4n  1: Thus
ln4Eðg; gÞ ¼
Xn
j¼0
c2j Eðgj ; gjÞ4maxfEðgj ; gjÞ : 04j4ng: ]
Corollary 5.2. One has in Example 5.3 ln4c½logð2þ nÞ2d as well as in
Example 5.1 ln4cðn þ 1Þ
2ðd1Þ=dd for some c > 0 and all n50:
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gi ¼
ðjxj  nÞþ; jxj4n þ 12;
ðn þ 1 jxjÞþ; jxj5n þ 1
2
:
(
we have jrgi j41 and mðgigjÞ ¼ Eðgi; gjÞ ¼ 0 for iaj: Moreover, Letting
gðrÞ ¼ r½logð2þ rÞd; we have
Eðgn; gnÞ
mðg2nÞ
4
R nþ1
n
rd1eagðrÞ drR nþ1
nþ1=2 r
d1ðn þ 1 rÞ2eagðrÞ dr
42d1½logð2þ nÞ2d
R nþ1
n
eagðrÞ drR nþ1½logð2þnÞd
nþ1=2 e
agðrÞ dr
4c1½logð2þ nÞ2d
R gðnþ1Þ
0 e
as dsR gðnþ1½logð2þnÞdÞ
gðnþ1=2Þ e
as ds
¼ c1½logð2þ nÞ2d
1 eagðnþ1Þ
eagðnþ1½logð2þnÞ
dÞagðnþ1Þ  eagðnþ1=2Þagðnþ1Þ
for some c1 > 0 and all big n: Obviously, as n !1 one has gðn þ 1Þ !
1; gðn þ 1=2Þ  gðn þ 1Þ ! 1 and
gðn þ 1 ½logð2þ nÞdÞ  gðn þ 1Þ5 ½logð2þ nÞdg0ðn þ 1Þ ! 1:
Then there is c > 0 such that
Eðgn; gnÞ
mðg2nÞ
4c½logðn þ 2Þ2d
for big n: Therefore, the ﬁrst assertion follows from Proposition 5.1.
(b) For n51; let e ¼ ðn þ 1Þð1dÞ=d and k ¼ inffm 2 Z : m5n1=dg:
Let
Ii ¼ ½ie; ði þ 1Þe; Di1;...;id ¼ Ii1; . . . ;Iid ; 04i; i1; . . . ; id4k:
Since #fDi1;...;id : 04i1; . . . ; id4kg ¼ ðk þ 1Þ
d5n þ 1; by Proposition 5.1 we
have
ln4 max
04i1;...;id4k
inf
Eðg; gÞ
mðg2Þ
: gjDci1;...;id ¼ 0
	 

: ð5:6Þ
FUNCTIONAL INEQUALITIES AND SPECTRUM ESTIMATES 309Let us ﬁx 04i1; . . . ; id4k: For x; y 2 Di1;...;id one has jx  yj4
ﬃﬃﬃ
d
p
e and
jV ðxÞ  V ðyÞj ¼ ajjxjd  jyjdj4adjx  yjðjxj _ jyjÞd1
4add1=2e½d1=2ðk þ 1Þed1
4addd=2ðn þ 1Þð1dÞ=dðn1=d þ 2Þd14c1
for some c1 > 0 and all n50: Then
inf
gjDc
i1 ;...;id
¼0
Eðg; gÞ
mðg2Þ
4ec1 inf
gjDc
i1 ;...;id
¼0
R
Di1 ;...;id
jrgj2 dxR
Di1 ;...;id
g2 dx
¼
ec1dp2
e2
¼ ec1dp2ðn þ 1Þ2ð1dÞ=dd:
Combining this with (5.6) we complete the proof. ]
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